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We know a lot of factual information about the 
starling—its size and voice, where it lives, how it breeds 
and migrates—but what remains a mystery is how it flies 
in murmurations, or flocks, without colliding.



Computer animations

boids



Boids: state of the art

Batman Returns
1992



Boids: state of the art

Abzu
2016



Reynold’s rules for flocking

agents must:

1) avoid collisions with each other (separation)

2) match their velocity to nearby mates  (alignment)

3) move towards the center of mass of its neighbors (cohesion)



The Physics community

What are the critical transitions?

𝑥𝑖 𝑡 + 1 = 𝑥𝑖 𝑡 + Δ𝑡 𝑣
cos 𝜃𝑖(𝑡)

sin 𝜃𝑖 𝑡
 

 
position

constant velocity

interaction term
𝜃𝑖 = 𝜃𝑗 𝑥𝑗−𝑥𝑖 <𝑟

T Vicsek, Physical Review Letters (1995). 
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The Engineering community

Which conditions lead to stability? 
ሶ𝑞𝑖 = 𝑝𝑖 

𝑚𝑖 ሶ𝑝𝑖 = 𝑓 𝑞𝑖, 𝑝𝑖 + 

𝑗

𝐴𝑖𝑗 𝑡 𝑞𝑗 − 𝑞𝑖 + 𝑝𝑗 − 𝑝𝑖

self dynamics
adjacency matrix of a 

time-varying graph 𝒢(𝑡)
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Example:  
Consensus is achieved iff
𝑘ڂ  𝒢 𝑡𝑘  has a directed spanning tree.



What are the mechanisms?

boids, phase transition model
(phenomenological)

drones, autonomous vehicles
(first principles)

ሶ𝑥𝑖 = 𝑓(𝑥𝑖) + interaction ሶ𝑞𝑖 = 𝑝𝑖 
𝑚𝑖 ሶ𝑝𝑖 = 𝑓 𝑞𝑖, 𝑝𝑖 + interaction
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The rules of computation

Iain Couzin, interview at Quanta Magazine

If we use advanced imaging tools to quantify, to measure, these 
waves of turning, it results in a wave of propagation that’s around 

10 times faster than the maximum speed of the predator itself. 
So individuals can respond to a predator that they don’t even see.



What does biology tell us?

How agents interact with their neighborhood?

Size of the neighborhood depends on…
 distance? (metric distance)
 number of peers? (topological distance)



What does biology tell us?



Yet, the Engineering community...



Take-home message

Consensus can be achieved 
and enhanced not despite, 
but because of heterogeneity.



Flocking model for target tracking
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           trajectory tracking:
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Dynamics of the tracking error

𝑞t

𝑞𝑖

LTV system

𝐽(𝑡) 𝒆(𝑡)𝑏1  
𝑏2  

⋱  
𝑏𝑁 𝑐1  

𝑐2  
⋱  

𝑐𝑁

𝑚1
−1  

𝑚2
−1  
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𝑚𝑁

−1

Laplacian matrix
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Optimal flocking dynamics

solved in ”real time” at each time interval [𝑡𝑘, 𝑡𝑘 + 𝑇]

Optimal control procedure



Heterogeneous vs homogeneous flocking

36% improvement







Heterogeneous vs homogeneous flocking

𝑏1 + 
𝑗

𝐴1𝑗 −𝐴12 … −𝐴1𝑁

−𝐴21 𝑏2 + 
𝑗

𝐴2𝑗 … −𝐴2𝑁

⋮ ⋮ ⋱ ⋮

−𝐴𝑁1 −𝐴𝑁2 … 𝑏𝑁 + 
𝑗

𝐴𝑁𝑗

𝐵 𝑡 + 𝐿 𝑡 =



Heterogeneous vs homogeneous flocking



Extension to free-flocking model

model complexity
previous

R Olfati-Saber, IEEE Trans. 
Automatic Control (2006). 

current
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3 Reynold’s rules

agent-agent interaction:

agent-target interaction:

agent-obstacle interaction:
(… for now)



Optimal free flocking

Nonlinear system stability analysis

1)

2) 𝑡 𝑡 

Lyapunov function:

,





Optimal
free flocking



Optimal
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Optimal
free flocking





Optimal obstacle
maneuvering



Take-home question

Why does heterogeneity 
improve collective behavior?



Other research on heterogeneity
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Other research on heterogeneity



time-delay multi-agent model

heterogeneous

homogeneous

Other research on heterogeneity



Other research on heterogeneity



Why? An eigenvalue problem
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homogeneous gain
𝑏1 = ⋯ = 𝑏𝑁
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Why? An eigenvalue problem
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Why? An eigenvalue problem

Questions

Which conditions lead to 
a heterogeneous optimum?

How to efficiently locate 
them (algorithmically)?

What are the implications
for other network dynamics?



Special thanks

Ana Barioni Chao Duan Adilson Motter Camila Felix

Code available at https://github.com/montanariarthur/OptFlock



Final remarks



Thank you!  ... Questions?
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