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We know a lot of factual information about the

starling its size and voice, where it lives, how it breeds
and migrates but what remains a mystery is how it flies
in murmurations or flocks, without colliding.




agents must:
4/ | " 1) avoid collisions with each other (separation)

\} N\ 2) maitch their velocity to nearby mates (alignment)

Ve 3) move towards the center of mass of its neighbors (cohesion)
4

C Reynolds. Flocks, herds and schools: A distributed behavioral modeComputer Graphics21 (1985). 2



Boids state of the art

Batman Returns
1992
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TVicsek, Physical Review Letterg1995).
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Revealing the hidden networks of interaction in mobile
animal groups allows prediction of complex
behavioral contagion
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Onagentheterogeneity
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Takehome message
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Cconsensus can be achieved
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and enhanced not despite, ‘\\\

but because of heterogeneity . ‘ ‘
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Flockingmodel for target tracking

qi = pi,
m;p; = Pt — bi (@i — qx — 7i) — v¢i (Pi — Pt) >

+ ZAz'j(t) [(qg' —75) — (@ —7i) + (P _pi)] .

pre-specified formation: ~ (1) = @:(t) +ri
trajectory tracking:  pi(t) = pi(t) as t = oo



Flockingmodel for target tracking

q; = Pi,
mipi = Py — bi (@i — g — i) — y¢i (Pi — Pr) > >
N o
LY
+ Z Ai;(2) [(qj —7rj) — (@ — 7)) +v(pj — Pz')] , /
j=1 i = >
pre-specified formation: ~ (1) = @:(t) +ri
trajectory tracking:  pi(t) = pi(t) as t = oo
. . —~ _I_
adjacency matrix:  Ay;(t) = K/(p* + llqi(t) — q; () [|*)” T
all-to-all, weighted,
time dependent, [
piecewise constant
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Dynamicsof the trackingerror

LTV system [eq,i, €p,i] = [qi — (gt + i), pi — pt]
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Dynamicsof the trackingerror

LTV system [eq,i, €p,i] = [qi — (gt + i), pi — pt]
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Optimal flockingdynamics

t/T

le®)ll < nexp {3 Amax(J(E)T }e(0)]

k=0

Optimal control procedure

1. optimal flocks of homogeneous agents, where parameters
are optimized subject to the constraint that all agents

- have identical gains, i.e., 8% = %) . p*)] and ¥ =
min - Amax(J(¢k)), e ol ¥ [ ]
b,c - ,
2. optimal flocks of heterogeneous agents, where gains are
st. 0<b S bmax, optimized independently for each agent, i.e., b% =
k k k k
O < i S Cmax [bg )7 n '>b§V)] e [Cg )7 = 765\])}'
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Heterogeneous/s homogeneoudlocking

- OMoOgeneous optimum [
- heterogeneous optimum
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Supplementary Movie 1

Target Tracking and
Flock Formation



Heterogeneous/s homogeneoudlocking
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Extensionto free-flockingmodel

q.q: — P R Olfati-Saber,IEEE Trans.
f Automatic Control (2006).

pi = uy +u) +ul,

model complexity

previous | current

12



Extensionto free-flockingmodel

1. — D ROlfati-Saber,|IEEE Trans.
i P, Automatic Control (2006).

pi = ui +u] +ul,

agent-agent interaction:

ud = —kiVe, V(g) +k5 > Ay(a)(pi — pi)
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Extensionto free-flockingmodel

q.q: — P R Olfati-Saber,IEEE Trans.
f Automatic Control (2006).

pz':u?%-ug—l—uﬁ

7 9

agent-agent interaction:
ud = —kiVe, Vig) +k5 > Aiy(a)(pi — pi)
\ Y N TIYAC)

o &) T model complexity
iff| & &

0 previous | current
pre-assigned formation | emergent formation
all-to-all, weighted network | sparse, weighted network
piecewise constant adj. matrix | continuous adjacency matrix
linear time-varying dynamics | nonlinear dynamics
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R Olfati-Saber,IEEE Trans.
Automatic Control (2006).

qg; = Di,

£ 0l
i = U; T U, +U

agent-agent interaction:

ud = —kiVg,Vig) +k5 > Ay(a)(pi — pi)
JEN;(q)

agenttarget interaction:

u; = —bi(q; — qi) — ci(pi — pt)

Extensionto free-flockingmodel

model complexity
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Extensionto free-flockingmodel

1. — D ROlfati-Saber,|IEEE Trans.
i P, Automatic Control (2006).
p

. . (@ ")/
pDi=u; +u;, +u,,

agent-agent interaction:

ud = —kiVg,Vig) +k5 > Ay(a)(pi — pi)
JEN;(q)

model complexity

previous | current

agenttarget interaction:

u;Y - _bi(Qi - Qt) = . (pz' -~ pt) pre-assigned formation | emergent formation
all-to-all, weighted network | sparse, weighted network
. - iecewise constant adj. matrix | continuous adjacency matrix
agent-obstacle interaction: P ‘ Jameney

linear time-varying dynamics | nonlinear dynamics
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Optimalfree flocking

Nonlinear system stability analysis

1 _1_
Lyapunov function: H(E) = V(eq) + EE e

1) aulle]|* < H(e) < azlle]|?
2) H(e,t) = €' J(0)e < Amax(J(tr))||E]7 () = [—;,,._w —f-,.u:ac[f.?:b(q(m))]]

le(t) "Il < nexp { - NARUENT | lle(t) - €|
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Supplementary Movie 2

Optimal Free Flocking



Optimal

free flocking
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Optimal

free flocking

connectivity I Q-

tracking error T
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Optimal obstacle

maneuvering
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=540 t=118 t =18.6
5
20 b o
. / T o
1080 /N NN/ [ MO - e
= B¢ ¥ 4 71}/' \ q
SR VAVAVAVAN [ T A
7 o I B N g R A
-10 e ARV, O/ \ TR T
\ / >3 (% _
Ay ‘F \/ o /N A ’/v . . -1
-20 VAN i
PV
20l risk of collision 1
= 3 1
[ | P 7 |\
10} | >x | N <
K g D | X B |
= | ,»E" TRl ' K 4 i
at LISETSAN . = i
L & X D\ s\
-10¢} \ ¢ o f“ T 7 .
4 W AH il
-20} W T T
L S
80 109 120 200 f 220 240 340 360 380
0.03 T T
0.02
0.01
0 I 1
T T T T
107 F — -
10t - heterogeneous M
= hOmogeneous
i L 1 1 1 _
0 5 10 15 20 25 30
| | time w1 15
free space obstacle course free space



Takehome question

l\\

W
Why doesheterogeneity
Improve collective behavior?
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Why? An eigenvalueproblem

rilin MmN )l

st e b0
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Why? An eigenvalueproblem

Questions

Which conditions lead to
a heterogeneous optimum?

How to efficiently locate
them (algorithmically)?

What are the implications
for other network dynamics?

16



Time-delay multi-agentsystems

9 — Ei:ﬁ;‘;geili%‘f b =06 time -delay multi -agent model
0.2 —— 4 ' qi(t) = pi(1),
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Distributed eigenvalueoptimization
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Thankyoul! arXiv:2504.12297 ... Question?

Heterogeneous vs. Homogeneous

»

The agents' parameters are optimized
in real time as color coded

desired formation _) L 3




Heterogeneous/s homogeneoudlocking

- OMogeneous optimum i : pof
- Neterogeneous optimum
a , — non-optimum _ b C
L ' - 10
Sm-
- .= & 0.15
10° .P‘ ‘Wl E g
= o 0.10
‘\‘ " o] 55 o
- ; i . 2 =
= 10° WAL £ 2 0.05
L n K
p— E
o 10 g . 2 "0 2 0 -3
o . 10 10 10 00 5 T ap
) . d tolerance € e steady-state error
(@)
S 10° 10 1
X 5
&)
®© : 9 <
T 10 g . GEJ")'
o o
& c 7 c
e 0 e n. - = = 5
1078 : | = 5 0
0 5 s 10 "Ls 15 0 0.5 1 1.5 2 20 200 3

time interaction range 3 flock size [NV



Heterogeneous Homogeneous Heterogeneous Homogeneous
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Why? An eigenvalueproblem




Heterogeneous/s homogeneoudlocking



