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We know a lot of factual information about the 
starlingτits size and voice, where it lives, how it breeds 
and migratesτbut what remains a mystery is how it flies 
in murmurations, or flocks, without colliding.
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wŜȅƴƻƭŘΩǎrulesfor flocking

agents must:

1) avoid collisions with each other (separation)

2) match their velocity to nearby mates  (alignment)

3) move towards the center of mass of its neighbors (cohesion)

C Reynolds. Flocks, herds and schools: A distributed behavioral model. Computer Graphics 21 (1985). 2



Boids: state of the art

Batman Returns
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2016 3



The manycommunities
av

er
ag

e 
ve

lo
ci

ty
(c

on
se

ns
us

)

flock density

T Vicsek, Physical Review Letters (1995). 
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Onagentheterogeneity
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Yet, in the Engineeringcommunity...
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> Small mismatches
> Random parameter mismatches



Take-home message

Consensus  can be achieved 
and enhanced not despite, 
but because of  heterogeneity .



Flockingmodel for target tracking
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pre-specified formation:
           trajectory tracking:
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Flockingmodel for target tracking
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time dependent,
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pre-specified formation:
           trajectory tracking:
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Flockingmodel for target tracking
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Dynamics of the tracking error
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LTV system
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Laplacian matrix
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Optimal flockingdynamics
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Optimal control procedure
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Heterogeneousvshomogeneousflocking

36% improvement

10





Heterogeneousvshomogeneousflocking
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Extensionto free-flockingmodel

model complexity
previous

R Olfati-Saber, IEEE Trans. 
Automatic Control (2006). 

current
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Extensionto free-flockingmodel

model complexity
previous

pre-assigned formation

R Olfati-Saber, IEEE Trans. 
Automatic Control (2006). 

current

emergent formation

agent-agent interaction:

ὠ▲z π 
iff ▲ᶻ ▲ᶻ Ὠ
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Extensionto free-flockingmodel
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Extensionto free-flockingmodel

model complexity
previous
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R Olfati-Saber, IEEE Trans. 
Automatic Control (2006). 

current

emergent formation

sparse, weighted network

continuous adjacency matrix

nonlinear dynamics

ΟШÅĲǃŰŸũĬќƚШƖƨũĲƚ

agent-agent interaction:

agent-target interaction:

agent-obstacle interaction:
ывШŉŸƖШŰŸƽь
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Optimal free flocking

Nonlinear system stability analysis

1)

2) ὸ ὸ 

Lyapunov function:

,
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Optimal
free flocking
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Optimal
free flocking
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Optimal
free flocking

14



15



Optimal obstacle
maneuvering

15



Take-home question

Why does heterogeneity  
improve collective  behavior?



Why? An eigenvalueproblem
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Why? An eigenvalueproblem

Questions

Which conditions lead to 
a heterogeneous optimum?

How to efficiently locate 
them (algorithmically)?

What are the implications
for other network dynamics?
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time -delay multi -agent model

heterogeneous

homogeneous

Time-delay multi-agentsystems
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Distributedeigenvalueoptimization
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Thankyou!  ... Questions?
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Heterogeneousvshomogeneousflocking
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Why? An eigenvalueproblem
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