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ICLR (2015).
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Where to start?Big challenges in AI models

Interpretability?
Reliability?
Scalability?

A. De Vries. Joule (2023).
Y Li, et al. arXiv:2409.11416 (2024).
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Where to start?Big challenges in AI models

Interpretability?
Reliability?
Scalability?

Biological plausibility?

TP Lillicrap, A Santoro, L Marris, CJ Akerman, G Hinton. 

Nature Reviews Neuroscience  (2020).

Global error propagation?
Separate forward and backward phases? 
Symmetric connections?



Neurocomputation: 
Learning, Dynamics, and Optimization

3:30 - 4:00 pm.  Arthur N. Montanari, Northwestern University
              Recurrent neural networks and oscillator models for                  

             learning and optimization.

4:00 - 4:30 pm.  Dmitry Krotov, Dynamical Mind
              Dense associative memory for novel AI architectures.

4:30 - 5:00 pm.  Francesco Bullo, UC Santa Barbara
              Positive competitive neural networks for sparse reconstruction.



Where to start?Building a recurrent neural network for...

Interpretability?
Reliability?
Scalability?

Biological plausibility?
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𝜏 ሶ𝑥𝑖 = −𝑑𝑖𝑥𝑖 + ෍

𝑗=1

𝑁

𝑊𝑖𝑗Φ 𝑥𝑗 + 𝐵𝑖𝑗𝑢𝑗

Φ

𝑥

𝑊𝑖𝑗 → synaptic weight from neuron 𝑗 to 𝑖
   𝑥𝑖 → neuron activity
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Where to start?Recurrent neural network

𝜏 ሶ𝑥𝑖 = −𝑑𝑖𝑥𝑖 + ෍

𝑗=1

𝑁

𝑊𝑖𝑗Φ 𝑥𝑗 + 𝐵𝑖𝑗𝑢𝑗

Φ

𝑥

𝑊𝑖𝑗 → synaptic weight from neuron 𝑗 to 𝑖
   𝑥𝑖 → neuron activity

𝒙 ∈ ℝ𝑁 → image,              sound,        text,    any data

each neuron is a pixel each neuron is a 
frequency coefficient

words are embedded as 
vectors, and each 

neuron represents a 
component

Interpretability?
Reliability?
Scalability?

Biological plausibility?
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input 𝒖(𝑡) output 𝒚 𝑡 = Φ𝑦 𝑊𝑦𝒙 𝑡 + 𝒃𝑦

hidden states 𝒙(𝑡)

Nonlinear control system

ቊ
ሶ𝒙 = 𝒇(𝒙, 𝒖)

𝒚 = 𝒉 𝒙  



Where to start?Recurrent neural network

𝜏 ሶ𝑥𝑖 = −𝑑𝑖𝑥𝑖 + ෍

𝑗=1

𝑁

𝑊𝑖𝑗Φ 𝑥𝑗 + 𝐵𝑖𝑗𝑢𝑗

Interpretability?
Reliability?
Scalability?

Biological plausibility?

One-to-many classification 
(e.g., sentiment analysis)

input 𝒖(𝑡) output 𝒚 𝑡 = Φ𝑦 𝑊𝑦𝒙 𝑡 + 𝒃𝑦

hidden states 𝒙(𝑡)

Nonlinear control system

ቊ
ሶ𝒙 = 𝒇(𝒙, 𝒖)

𝒚 = 𝒉 𝒙  

Many-to-many classification 
(e.g., text translation)

Eu

Prediction
(e.g., text generation)



Where to start?Where did they come from?

Interpretability?
Reliability?
Scalability?

Biological plausibility?

90s and before: neural networks, 
RBMs, Hopfield model

2000s: CNNs and RNNs

2010s: DNNs

2020s: transformers
???



Where to start?And where do we go?

90s and before: neural networks, 
RBMs, Hopfield model

2000s: CNNs and RNNs

2010s: DNNs

2020s: transformers
???

memory 
cost

computational
cost

RNNs      Transformers

𝒪(1) 𝒪(𝑇)

𝒪(𝑇) 𝒪(𝑇2)

Interpretability?
Reliability?

Scalability?
Biological plausibility?

transformer transformer transformer



Where to start?And where do we go?

90s and before: neural networks, 
RBMs, Hopfield model

2000s: CNNs and RNNs

2010s: DNNs

2020s: transformers

memory 
cost

computational
cost

RNNs      Transformers

𝒪(1) 𝒪(𝑇)

𝒪(𝑇) 𝒪(𝑇2)

Interpretability?
Reliability?

Scalability?
Biological plausibility?

transformer transformer transformer

We can derive minimal [RNN models] that 
(1) use fewer parameters than their 
traditional counterparts, 
(2) are fully parallelizable during training, and 
(3) achieve surprisingly competitive 
performance on a range of tasks, rivalling 
recent models including Transformers.



Finding an energy (Lyapunov) function

Continuous-time
RNN
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Finding an energy (Lyapunov) function

𝜏 ሶ𝒙 = −𝐷𝒙 + 𝑊Φ 𝒙 + 𝐵𝒖

Continuous-time
Hopfield model

Theorem. If 𝑊 = 𝑊𝑇  and Φ is continuously 
differentiable, then the system is described 
by the following energy function: 

Interpretability?
Reliability?
Scalability

Biological plausibility?



Finding an energy (Lyapunov) function

Interpretability?
Reliability?
Scalability

Biological plausibility?

𝜏 ሶ𝒙 = −𝐷𝒙 + 𝑊Φ 𝒙 + 𝐵𝒖 
= −𝑀 𝒙  ∇𝒙ℰ 𝒙  

Continuous-time
Hopfield model

Theorem. If 𝑊 = 𝑊𝑇  and Φ is continuously 
differentiable, then the system is described 
by the following energy function: 



Finding an energy (Lyapunov) function

Interpretability?
Reliability?
Scalability

Biological plausibility?

𝜏 ሶ𝒙 = −𝐷𝒙 + 𝑊Φ 𝒙 + 𝐵𝒖
= −𝑀 𝒙 ∇ℰ 𝒙  

Continuous-time
Hopfield model

ℰ(𝒙) represents a computational 
problem where its minima 𝒙∗ 
encode the desired solutions



Associative memory model

Interpretability?
Reliability?
Scalability

Biological plausibility?

𝜏 ሶ𝒙 = −𝐷𝒙 + 𝑊Φ 𝒙 + 𝐵𝒖
= −𝑀 𝒙 ∇ℰ 𝒙  

Continuous-time
Hopfield model

ℰ(𝒙) represents a computational 
problem where its minima 𝒙∗ 
encode the desired solutions.

For instance, let each minima 𝒙∗ 
correspond to a memory pattern 
𝝃(𝜇) ∈ ℝ𝑁  sought to be stored. 

𝝃(1) 𝝃(2) 𝝃(3) 𝝃(4) …



Associative memory model

Interpretability?
Reliability?
Scalability

Biological plausibility?
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Interpretability?
Reliability?
Scalability

Biological plausibility?

Associative memory model

𝜏 ሶ𝒙 = −𝐷𝒙 + 𝑊Φ 𝒙 + 𝐵𝒖
= −𝑀 𝒙 ∇ℰ 𝒙  

Continuous-time
Hopfield model
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Reliability?
Scalability

Biological plausibility?

How this neural network learns?
LEARNING PROBLEM INFERENCE PROBLEM 



How this neural network learns?
LEARNING PROBLEM 

Interpretability
Reliability?
Scalability

Biological
plausibility?

𝜕𝐸(𝜇)

𝜕𝑊𝑖𝑗
= −𝑥𝑖𝑥𝑗 =: −𝜉𝑖

𝜇
𝜉𝑗

𝜇

Recursive learning procedure for each pattern 
to find the best weight that minimizes the 
energy associated with a pattern 𝝃(𝜇)

𝐸 𝒙; 𝑊 = − ෍

𝑖,𝑗

𝑊𝑖𝑗𝑥𝑖𝑥𝑗 = 𝒙𝑇𝑊𝒙 

Let 𝝃(𝜇), for 𝜇 = 1, … , 𝐾, be the set of patterns 
to be stored. 



Hebbian learning
LEARNING PROBLEM 

Interpretability
Reliability?
Scalability

Biological
plausibility?

𝜕𝐸(𝜇)

𝜕𝑊𝑖𝑗
= −𝑥𝑖𝑥𝑗 =: −𝜉𝑖

𝜇
𝜉𝑗

𝜇

Recursive learning procedure for each pattern 
to find the best weight that minimizes the 
energy associated with a pattern 𝝃(𝜇)

Let 𝝃(𝜇), for 𝜇 = 1, … , 𝐾, be the set of patterns 
to be stored. 

if both neurons are active, 
then increasing 𝑊𝑖𝑗  lowers 
the energy of that pattern.

Donald Hebb

Neurons that 
fire together, 
wire together

𝐸 𝒙; 𝑊 = − ෍

𝑖,𝑗

𝑊𝑖𝑗𝑥𝑖𝑥𝑗 = 𝒙𝑇𝑊𝒙 



Hebbian learning
LEARNING PROBLEM 

Interpretability
Reliability?
Scalability

Biological
plausibility?

𝜕𝐸(𝜇)

𝜕𝑊𝑖𝑗
= −𝑥𝑖𝑥𝑗 =: −𝜉𝑖

𝜇
𝜉𝑗

𝜇

Recursive learning procedure for each pattern 
to find the best weight that minimizes the 
energy associated with a pattern 𝝃(𝜇)

Let 𝝃(𝜇), for 𝜇 = 1, … , 𝐾, be the set of patterns 
to be stored. 

Donald Hebb

𝑊𝑖𝑗 =
1

𝑁
𝜉𝑖

1
𝜉𝑗

1
+ 𝜉𝑖

2
𝜉𝑗

2
+  …

=
1

𝐾
෍

𝜇=1

𝐾

𝜉𝑖
(𝜇)

𝜉𝑗
(𝜇)

=
1

𝐾
𝚵𝚵𝑇

𝐸 𝒙; 𝑊 = − ෍

𝑖,𝑗

𝑊𝑖𝑗𝑥𝑖𝑥𝑗 = 𝒙𝑇𝑊𝒙 



Energy-based dynamical model (EDM)

ሶ𝒙 = 𝑓 𝒙; 𝜽  such that
ሶℰ 𝒙 = ∇ℰ 𝒙 𝑇  ሶ𝒙 ≤ 0,

INFERENCE
• gradient-flow: ሶ𝑥 = −∇ℰ 𝑥
• pre-conditioned flow: ሶ𝑥 = −𝑀(𝑥)∇ℰ 𝑥

• stochastic flow: 𝑑𝑥𝑡 = −∇ℰ 𝑥𝑡 𝑑𝑡 + 2𝑇𝑑𝑤𝑡

• projected gradient flow: ሶ𝑥 = Π𝒞 −∇ℰ 𝑥

LEARNING
• Hebbian learning
• Contrastive Hebbian learning
• Equilibrium propagation
• Score matching

Interpretability
Reliability?
Scalability

Biological plausibility



Energy-based dynamical model (EDM)

ሶ𝒙 = 𝑓 𝒙; 𝜽  such that
ሶℰ 𝒙 = ∇ℰ 𝒙 𝑇  ሶ𝒙 ≤ 0,

INFERENCE
• gradient-flow: ሶ𝑥 = −∇ℰ 𝑥
• pre-conditioned flow: ሶ𝑥 = −𝑀(𝑥)∇ℰ 𝑥

• stochastic flow: 𝑑𝑥𝑡 = −∇ℰ 𝑥𝑡 𝑑𝑡 + 2𝑇𝑑𝑤𝑡

• projected gradient flow: ሶ𝑥 = Π𝒞 −∇ℰ 𝑥

ℰ(𝒙) represents a computational 
problem where its minima 𝒙∗ 
encode the desired solutions

ℰ(𝒙) represents a Lyapunov 
function, guaranteeing stability 
and convergence

OPTIMALITY

STABILITY

co-design

Interpretability

Reliability?
Scalability

Biological plausibility



Designing EDMs

ℰ(𝒙) represents a computational 
problem where its minima 𝒙∗ 
encode the desired solutions

ℰ(𝒙) represents a Lyapunov 
function, guaranteeing stability 
and convergence

OPTIMALITY

STABILITY

co-design

Interpretability

Reliability?
Scalability

Biological plausibility

Design objectives
1) Store a large number of memory patterns 
2) Basins of attraction must be sufficiently large
3) Inference must respect certain constraints 
4) Generalize to unseen data

see Krotov’s talk

see Bullo’s talk

see tutorial paper
(Boltzmann machines)



Designing EDMs

ℰ(𝒙) represents a computational 
problem where its minima 𝒙∗ 
encode the desired solutions

ℰ(𝒙) represents a Lyapunov 
function, guaranteeing stability 
and convergence

OPTIMALITY

STABILITY

co-design

Interpretability

Reliability?
Scalability

Biological plausibility

Design objectives
1) Store a large number of memory patterns 
2) Basins of attraction must be sufficiently large
3) Inference must respect certain constraints 
4) Generalize to unseen data
5) Mitigate spurious attractors

see Krotov’s talk

see Bullo’s talk

see tutorial paper
(Boltzmann machines)



Oscillator model

Interpretability

Reliability?
Scalability

Biological plausibilityℰ 𝒙 = −
1

2
෍

𝑖,𝑗=1

𝑁

𝑊𝑖𝑗𝑥𝑖𝑥𝑗 = 𝒙𝑇𝑊𝒙 .

Restricting to binary patterns 𝒙 ∈ −1, +1 𝑁, 
we have the energy function

ℰ 𝝓 = −
1

2
෍

𝑖,𝑗=1

𝑁

𝑊𝑖𝑗 cos(𝜙𝑗 − 𝜙𝑖) −
𝜅

4𝑁
෍

𝑖,𝑗=1

𝑁

cos 2 𝜙𝑗 − 𝜙𝑖

Now, consider the regularized energy function for 𝝓 ∈ 𝕊𝑁:
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Oscillator model

Interpretability

Reliability?
Scalability

Biological plausibilityℰ 𝒙 = −
1

2
෍

𝑖,𝑗=1

𝑁

𝑊𝑖𝑗𝑥𝑖𝑥𝑗 = 𝒙𝑇𝑊𝒙 .

Restricting to binary patterns 𝒙 ∈ −1, +1 𝑁, 
we have the energy function

ℰ 𝝓 = −
1

2
෍

𝑖,𝑗=1

𝑁

𝑊𝑖𝑗 cos(𝜙𝑗 − 𝜙𝑖) −
𝜅

4𝑁
෍

𝑖,𝑗=1

𝑁

cos 2 𝜙𝑗 − 𝜙𝑖

Now, consider the regularized energy function for 𝝓 ∈ 𝕊𝑁:

Oscillatory EDM:

ሶ𝜙 = −∇ℰ 𝝓  

ሶ𝜙𝑖 = 𝜔 + ෍

𝑗=1

𝑁

𝑊𝑖𝑗 sin 𝜙𝑗 − 𝜙𝑖 +
𝜅

𝑁
෍

𝑗=1

𝑁

sin 2 𝜙𝑗 − 𝜙𝑖 . 



Oscillator model

Interpretability

Reliability?
Scalability

Biological plausibilityℰ 𝒙 = −
1

2
෍

𝑖,𝑗=1

𝑁

𝑊𝑖𝑗𝑥𝑖𝑥𝑗 = 𝒙𝑇𝑊𝒙 .

Restricting to binary patterns 𝒙 ∈ −1, +1 𝑁, 
we have the energy function

ℰ 𝝓 = −
1

2
෍

𝑖,𝑗=1

𝑁

𝑊𝑖𝑗 cos(𝜙𝑗 − 𝜙𝑖) −
𝜅

4𝑁
෍

𝑖,𝑗=1

𝑁

cos 2 𝜙𝑗 − 𝜙𝑖

Now, consider the regularized energy function for 𝝓 ∈ 𝕊𝑁:

Oscillatory EDM:

A Mallick, MK Bashar, DS Truesdell, BH Calhoun, 

S Joshi, N Shukla. Nature Communications (2020).

ሶ𝜙 = −∇ℰ 𝝓  

ሶ𝜙𝑖 = 𝜔 + ෍

𝑗=1

𝑁

𝑊𝑖𝑗 sin 𝜙𝑗 − 𝜙𝑖 +
𝜅

𝑁
෍

𝑗=1

𝑁

sin 2 𝜙𝑗 − 𝜙𝑖 . 



Oscillator model

Interpretability

Reliability?
Scalability

Biological plausibility

Oscillatory EDM:

Theorem. Let the weights be assigned by 
Hebbian learning, 𝑊 =

1

𝐾
ΞΞ𝑇. The 

equilibrium point 𝜙∗ ≡ 𝜉(𝜇) is stable if 
𝜆max 𝐽 < 2𝜅.

ሶ𝜙 = −∇ℰ 𝝓  

ሶ𝜙𝑖 = 𝜔 + ෍

𝑗=1

𝑁

𝑊𝑖𝑗 sin 𝜙𝑗 − 𝜙𝑖 +
𝜅

𝑁
෍

𝑗=1

𝑁

sin 2 𝜙𝑗 − 𝜙𝑖 . 

T Nishikawa, YC Lai, FC Hoppensteadt. PRL (2004).



Oscillator model

Interpretability

Reliability?
Scalability

Biological plausibility

Oscillatory EDM:

Theorem. Let the weights be assigned by 
Hebbian learning, 𝑊 =

1

𝐾
ΞΞ𝑇. The 

equilibrium point 𝜙∗ ≡ 𝜉(𝜇) is stable if 
𝜆max 𝐽 < 2𝜅.

𝜅 is a design parameter to mitigate spurious 
attractors by forcing only low-energy states 
(desired memories) to be stable

ሶ𝜙 = −∇ℰ 𝝓  

ሶ𝜙𝑖 = 𝜔 + ෍

𝑗=1

𝑁

𝑊𝑖𝑗 sin 𝜙𝑗 − 𝜙𝑖 +
𝜅

𝑁
෍

𝑗=1

𝑁

sin 2 𝜙𝑗 − 𝜙𝑖 . 



Solving combinatorial optimization problems

???

2𝑁  possible 
solutions

𝜅 is a design parameter to mitigate spurious 
attractors by forcing only low-energy states 
(desired memories) to be stable



Solving combinatorial optimization problems

???

2𝑁  possible 
solutions

ሶ𝜙𝑖 = gradient descent on Ising Hamiltonian 

 = 𝜔 + ෍

𝑗=1

𝑁

𝑊𝑖𝑗 sin 𝜙𝑗 − 𝜙𝑖 + 𝜅 sin 2𝜙𝑖

A Allibhoy, AN Montanari, 
F Pasqualetti, AE Motter. 
IEEE CDC (2025).

st
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𝜅 is a design parameter to mitigate spurious 
attractors by forcing only low-energy states 
(desired memories) to be stable

Oscillatory EDM to solve this problem:
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